THE GROTHENDIECK GROUP OF A QUANTUM PROJECTIVE 

SPACE BUNDLE 

IZURU MORI AND S. PAUL SMITH 



Abstract. We compute the Grothcndieck group Kq of non-commutative ana- 
logues of projective space bundles. Our results specialize to give the i<"o-groups 
of non-commutative analogues of projective spaces, and specialize to recover 
the -Ko-group of a usual projective space bundle over a regular noetherian 
separated scheme. As an application, we develop an intersection theory for 
quantum ruled surfaces. 



1. Introduction 

A basic result in the K-theory of algebraic varieties is the computation of the 
K-groups for projective space bundles [2], [5], [11]. In this paper we compute K 
for non-commutative analogues of projective space bundles. 

Our motivation comes from the problem of classifying non-commutative surfaces. 
This program is in its early stages but, in analogy with the commutative case, 
the non-commutative analogues of ruled surfaces appear to play a central role [1], 
[10], [15]. An intersection theory will be an essential ingredient in the study of 
non-commutative surfaces. One may develop an intersection theory by defining 
an intersection multiplicity as a bilinear Z-valued form, the Euler form, on the 
Grothendieck group of the surface (cf. [4] and [6]). One of our main results yields 
a formula (6-1) for the Grothendieck group for quantum ruled surfaces, and we 
use this to examine the associated intersection theory. Natural analogues of the 
commutative results hold: for example, if A is a smooth (commutative!) projective 
curve and / : P(£) — * X a quantum ruled surface over X, then fibers do not meet 
and a section meets a fiber exactly once. 

Rosenberg [12] was the first to realize that co-monads are useful in non-commutative 
algebraic geometry, and Van den Bergh [14] has developed very effective methods 
based on this idea. Van den Bergh has also replaced the language of co-monads 
by terminology and notation that is close to the classical language of algebra and 
algebraic geometry. For the purposes of this introduction we recall a little of his 
language. 

Let L and K be abelian categories, and Lex(L, K) the category of left exact func- 
tors L -> K. The category of weak K-L-bimodules is BIMOD(K, L) := Lex(L, K) op . 
If T = nJ~\_ is a weak K-L-bimodule, we write HomtiJF, — ) for the corresponding 
left exact functor. We call T a bimodule if H.om\_{J-, — ) has a left adjoint (which 
we denote by — (§)k If k-Tt and \_Qu are weak bimodules, then T ®\_ Q is 
the weak K-M-bimodule defined by TLom^T ®l Q, —) '■= Hom^J 7 , TCorriM (Q, — )). 
In this way BIMOD(K, K) is a monoidal category with identity object ok defined 
by Tiom^(oK,—) = Wk- A weak K-algebra is an algebra object in BIMOD(K, K). 
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Thus, it is a triple (A,fj,,r)), where A e BIMOD(K, K), and fi : A ® K A —> A and 
7] : ok — > A are morphisms of weak bimodulcs such that the obvious diagrams com- 
mute. If Hoi71k(A, — ) has a left adjoint we drop the adjective "weak" and simply 
call A a K-algebra. In this paper we are interested in algebras, not weak algebras. 
The Yoneda embedding K — > BIMOD(Ab, K) realizes objects in K as bimodulcs. 
An A-module is an object M in K together with a morphism M <8>k A — ► M in 
BIMOD(Ab, K) making the obvious diagrams commute. If R is a commutative ring 
and K = Modi?, then i?-algebras in the usual sense give K-algebras, and the new 
notion of a module coincides with the old one. Van den Bergh also develops graded 
versions of these notions [14]. 

Thus, the algebras in this paper are endo-functors with additional structure, 
modules are objects in categories on which the functors act, morphisms between 
algebras are natural transformations, et cetera. Van den Bergh has developed this 
theory in a way that closely parallels the usual theory of rings and modules. The 
price to be paid for this striking similarity in the language and results is vigilance. 
Sometimes the proofs and statements of results that are trivial for genuine algebras 
and modules must be modified in a subtle way in order to obtain the appropriate 
analogue for these "functor algebras" . For example, A itself is not an A-modulc, 
but it is an A-A-bimodulc. 

We proceed as follows. Let X = ModA" be a Grothendieck category; X will 
play the role of the base space for a quantum projective space bundle. Always 
A = ©°^ Ai will denote a connected graded V-algebra in the sense just described 
(for more details consult [14]). The connectedness hypothesis means that the degree 
zero component of A is isomorphic to ox ■ In a sense that can be made precise, ox 
plays the role of — <£> Ox ■ 

Eventually, X will be a scheme and A will be a graded AT-algebra (in this new 
sense) that is analogous to the symmetric algebra of a locally free sheaf of Ox- 
modules. A non-commutative analogue of a P"-bundle over X will be defined by 
defining the analogue of the category of the quasi-coherent sheaves on it, namely 
ModP(£) := Proj nc A := GrModA/TorsA, where TorsA consists of the direct limits 
of graded modules that are annihilated by a power of the augmentation ideal. 

In section 2 we prove a version of Nakayama's Lemma, and introduce the notion 
of a minimal resolution for a connected V-algebra. In section 3 we assume that 
the functors — <g>x Ai are exact (a local freeness type of assumption), and show 
that this implies that the induced modules V <X>x A, V E ModAT, are acyclic for 
Tor ^(—,ox)- A consequence of this is Lemma 3.3 which gives an analogue of the 
result that a finitely generated module over a usual connected algebra over a field 
k is free if and only if Torf (M, k) = 0. 

In section 4 study various Grothendieck groups. We were unable to adapt the 
method that Quillcn uses [11] to compute the AVgroups, and even the higher K- 
groups, of a P™-bundlc. Instead we follow Manin's method [5]. We continue to 
assume that each — <g>x Ai is exact and in addition assume that Tor ^(—,ox) = 
for 9>0. This last assumption is saying that A is regular relative to X; it ensures 
that the fibers of Proj nc yl are "smooth". One consequence of these assumptions is 
an isomorphism .Ko(grmodA) = A'o(grmodA') between the Grothendieck groups of 
the graded module categories (cf. [11, Theorem 6, page 110]). It is a trivial matter 
to observe that A'o(grmodV) = K (X)[T, T -1 ]. We then prove that ATo(Proj nc A) = 
K (X)[T,T^ 1 ]/I where I is the image of the map p : K (grvnodX) — ► A'o(grmodV) 
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defined by p[V] = T^f— l) q [ Tor ^(V, ox)] where, on the right hand side of the 
equation, V is viewed as a graded A- module via the augmentation map A — > ox- 
Up to this point in the argument the structure sheaf of X plays no role. Indeed, 
it is not defined for an arbitrary quasi-scheme X. We now assume that X is a 
separated, regular, noetherian scheme in the usual sense. We set ModA = QcohX, 
the category of quasi-coherent Ox-modules, so Kq{X) has its usual meaning. We 
show that p[V] — [V].p[Ox] for all V G grmodA, where on the right hand side we 
take the usual product in Ko(X)[T,T~ 1 ]. It follows that I is the ideal generated 
by p[Ox], so K (Proj nc A) = K Q (X)[T, T^ 1 ]/(p[Ox])- 

In section 5, we assume that X is a scheme in the usual sense. Following Van den 
Bergh [13] we define an Ox-bimodulc algebra as an algebra object in the category 
of Ox-Ox-bimodules (Definitions 5.1 and 5.4). Graded Ox-bimodule algebras are 
then defined in an obvious way. A graded Ox-bimodule algebra B is analogous to 
a sheaf of Ox-algebras, but it is actually a sheaf on X x X and local sections of B 
do not have an algebra structure; its global sections do, and they typically form a 
non-commutative graded algebra. Now B determines a graded A-algebra A in the 
sense of sections 2-4 by the rule Hom x (A, — ) := TLom c ,, (B, — ) where the right 
hand side is defined in terms of the usual sheaf-Hom on X x X (see (5-3)). Graded 
modules over B give graded modules over A. 

The £>'s of interest to us are constructed from a coherent sheaf £ on X x X with 
the property that both projections pri : Supp£ — > X arc finite and each pr«£ is 
locally free. In this case B is analogous to the symmetric algebra of a locally free 
Ox-module, so we impose several natural conditions on B (Definition 5.7). These 
conditions on B imply that A has the properties that were used in section 4, namely 
the functors — <®x M are exact and Tor ^(— , o x ) — for q 3> 0. 

We define a quasi-scheme P(£) by ModP(£) := Proj nc £ := GrModS/TorsS, and 
call P(£) a quantum projective space bundle over X. This definition is due to Van 
den Bergh [15] (see also the thesis of David Patrick [10]). If X were a scheme and £ a 
locally free Ox-module, then B would be the symmetric algebra S(£) and ModP(£) 
would be Qcoh(ProjB), the quasi-coherent sheaves on the usual projective space 
bundle associated to £. It turns out that ModP(£) is equivalent to GrMod^4/TorsA 
where A is the A-algebra defined by TLom x{A, — ) := How p (B, — ), so the results 
in section 4 for A imply that K {P(£)) = K (X)[T, T^ 1 ]/! where I is the ideal 
generated by p[Ox]- One of the conditions imposed on B is that its "trivial module" 
Ox has a Koszul-likc resolution (Definition 5.7). Now p[Ox] can be read off from 
this resolution, and is equal to the inverse of the Hilbert series of B, ^[£>„]T n G 
ifo(^0[P1] where B n is the degree n component of B, and [£>„] denotes the class of 
B n in K (X) when it is viewed as a right Ox-module; to be precise, [B n ] = [pr2*B n ] 
where pr2 : X x X — > X is the projection onto the second factor. 

In section 6, we compute the Grothendieck group K of a quantum ruled surface 
¥(£) and show that a well-behaved intersection theory can be defined on Ko(F(£)). 
Here £ is a coherent Oxxx-module such that the two projections pri : Supp £ — > X 
are finite and each pr^£ is locally free of rank two, and P(£) := Proj nc £> where B is 
a graded Ox-Ox-bimodule algebra that is analogous to the symmetric algebra on 
£ (see [15]). We define a fiber and a section as appropriate elements of Ko(F(£)). 
As an explicit application, we show that "fibers do not meet" and "a fiber and a 
section meet exactly once" , as in the commutative case. 
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2. Connected graded algebras over a quasi-scheme 
We adopt the terminology and notation in [14]. 

Let A" be a quasi-scheme. Thus A = ModA is a Grothcndieck category. We 
write modA for the full subcategory of noetherian A-modules. We say that A 
is noetherian if modA generates ModA. A graded A-module M is by definition a 
sequence of objects M = (M n )„ e z in ModA. We call M n the degree n component 
and, abusing notation, write M — ®M n . Wc define the category GrModA by 
declaring a morphism / : M — > N to be a sequence of A-module maps /„ : M n — > 
N n . We define M>„ by declaring that (M >n )j = if j < n and {M >n )j = Mj if 
j > n. 

Let A be an N-graded A-algebra in the sense of [14, page 19]. The degree zero 
component Ao inherits an A-algebra structure from A, and can in turn be given 
the structure of a graded A-algebra concentrated in degree zero. There is a graded 
A-algebra monomorphism Ao — ► A. There is also an augmentation map of graded 
A-algebras A — > Aq. The composition Ao — > A — > Ao is the identity. A graded 
A-module is a graded A-module with additional structure (see [14, Sections 3.1 and 
3.2]. We write GrModA for the category of graded A-modules and grmodA for the 
full subcategory of noetherian modules. 

The identity functor on GrModA can be given the structure of a graded X- 
algebra. It is concentrated in degree zero, and its degree zero component is iso- 
morphic to ox- Thus, we also denote by ox the graded A-algebra associated to 

IdGrModX- 

From now on we will assume that A is connected, meaning that A = Ox- The 
unit and augmentation maps, r\ : ox — > A and e : A — > ox are maps of graded 
A-algebras and en — ld ox . Associated to r\ and e are various functors [14, (3.8), 
(3.9), (3.10)]. For example, associated to r\ is the forgetful functor 

(-)x ■ GrModA -» GrModA, (2-1) 

its left adjoint — ®x A, and its right adjoint Hom x (A, — ). Associated to e is the 
functor (— )a '■ GrModA — > GrModA, its left adjoint — <E>a ox, and its right adjoint 
Horn A ( ox , — ). The functors (-)x and (-)a are exact because they have both left 
and right adjoints. Therefore their right adjoints Hom x (A, — ) and Horn A (ox , — ) 
preserve injectives. We observe for later use that if — (&x A is exact, then (-)x 
preserves injectives. The functor (-)a is fully faithful so we often view GrModA 
as a full subcategory of GrModA. 

The functors Horn, 4(0 v , — ) and — <®a ox associated to the algebra map A — > ox 
may be composed with the functor (-)a to obtain an adjoint pair of functors 
sending GrModA to GrModA, thus endowing ox with the structure of a graded 
A-A-bimodulc. With this point of view, the appropriate notation for these two 
functors is still Hom A (ox. — ) and — <S>a ox- The relation between these functors 
is set out below, where on the left hand side of each equality ox is viewed as an 
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A-A-bimodule, and on the right hand side it is viewed as a graded X-algcbra: 

- ®a o x = (- ®A Ox) A, 
(- ®A X )x = ~ ®A Ox, 

Horn A ( ox,-) = Hom A (ox, -)a, 
Hom A (o x , -)x = Horn A (o x ,-)- 
To illustrate how these functors are used we prove the following basic result. 

Lemma 2.1. Let A be a connected graded X-algebra. Let M G GrModA, and 
suppose that Mj = for i < n. Then the map M — M ® A A — > M ®a o x of graded 
A-modules induces an isomorphism M n = (M ® A Ox) n of X -modules. The kernel 
of the epimorphism M — > M ®a ox is contained in M >n . 

Proof. The A-module structure on M is determined by a morphism h : M ®x A — > 
M, and M ® A o x is, by definition, the coequalizer in GrModA of 



M® X A — > M 



(2-2) 



M ®x o x = M. 

Let 9i : ModX -> GrModX be defined by 1 {V) 3 equals V if i = j and if i ± j. If 
M <n — 0, then for every injective I G ModX, 

Hom x ((M ® x A) n ,I) = Hom Gr Modx(M ®x A, 6 n (I)) 

= HoniGrModX 

= Y[H.omx(Mi,2igmx(A, n {I))i) 

i 

omx(A n -i,I)) 

i 

= Romx (M n ,Hom x (A ,I)) 
= Horn* (M„,J) 

so (M ®x A) n = M n . So the degree n part of the diagram (2-2) consists of two 
identity maps, whence (M ®a ox) n — M n . □ 

We call - ® x A: GrModX — > GrMod^ the induction functor. Let V G GrModX. 

The structure map h : V ®x A®x A ^ V ®x A making V®xA& graded A- module 
is V where \i : A<g>x A — > A is the multiplication map. A module M G GrModA 
is induced if M = V ® x A for some V G GrModX. 

We say that A is noetherian if the induction functor — <E>x A : GrModX — > 
GrMod^4 preserves noetherian modules [14, page 27]. If A is noetherian and M G 
grmodA, then each Mj is a noetherian X-module. 

Lemma 2.2. Let A be an N-graded X-algebra. 

(1) Every M G GrModA is a quotient of an induced module. 

(2) // X is noetherian, and A is noetherian, then every M G grmod^l is a 
quotient of an induced module V ®x A with V a noetherian graded X- 
module. 
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Proof. (1) Let M G GrModA, and let h : M ® x A -> M be the structure map. 
Forgetting the A-structure on M, we can form the induced module M (g>x A. Since 
M is an yl-module h o (M ® /i) = h o (h ® A), from which it follows that h is a map 
of graded A-modules. To show h is an epimorphism in GrModA it suffices to show 
it is an epimorphism in GrModX. Suppose that u : M —> N is a map of graded 
X-modules such that u o h = 0. Since (M, /i) is an A- module, /i o (M ® 77) = idM; 
composing this equality on the left with w we see that u = 0, whence /i is epic. 

(2) By (1) there is an epimorphism ©j(Mj (g>x A) — * M where Mj G grmodX is 
concentrated in degree i. Since M is noctherian, there is a finite direct sum that 
still maps onto M, i.e., 

{®i=a M i) ®xA = ® b i=a {Mi ® X A)->M 

is epic for some a < b. By an earlier remark, each Mj is a noetherian -module, 
so ®\= a M t G grmodX. □ 

We will prove a version of Nakayama's Lemma. Recall that if k is a field, and 
A is a connected fc-algebra, then a finitely generated graded A-module M is zero if 
and only if M ® A k — 0. 

The augmentation ideal of A is m := kcr(e : A — > ox)- Since (— )^ : GrModX — > 
GrMod^l has a left and a right adjoint, GrModX is a closed subcategory [14, page 
20] of GrModA, and hence m is an ideal, not just a weak ideal, in A [14, Section 
3.4]. If M G GrModA, we write Mm for the image of the composition M <S>a m — > 
M ®a A = M. 

Lemma 2.3 (Nakayama's Lemma). Lef A be a connected X-algebra, and M G 
grmodA Then the following are equivalent: 

(1) M = 0; 

(2) Mm = M; 

(3) M® A ox = 0. 

Proof. Clearly that (1) implies both (2) and (3). 

The exact sequence — > m — > A — > ox — > in BiGr(A, ^4) induces an exact 
sequence 

M® A m->M® A A = M^M® A ox->0 

in GrModA, so Mm = ker(M — ► M <S> A ox)- Hence (2) and (3) are equivalent. 
Because M is noetherian, the chain of submodules . . . C M>„ C M>„_i C . . . 
eventually stops. Hence, if M ^ 0, there exists n such that M = M>„ and M„ 7^ 0. 
It then follows from Lemma 2.1 that M ® A ox 7^ 0. Therefore (3) implies (1). □ 

We now wish to consider ox as an A- A-bimodule and examine ToLq {M, ox ) for 
M G GrModA The bifunctors Tor arc defined in [14, Section 3.1]. Because M is a 
Z-j4-bimodule the general definition in [14] admits a small simplification. 

Lemma 2.4. Let D and E be Grothendieck categories. Let M G D and Af G 
BiMod(D, E). Then Tor®(M,J\f) is in E, and is uniquely determined by the re- 
quirement that there is a functorial isomorphism 

HomE (Tor® (M , W) , I) = Ext q D (M,Hom E (JV, L)) 

for all injectives L in E. 
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Proof. Let InjE be the full subcategory of injectives in E. There is a unique left 
exact functor F : E — * Ab extending the functor F : InjE — > Ab defined by 

F(I) :=Extl{M,HomE(Af,I)). 

We will show that F is representable. This is sufficient to prove the lemma be- 
cause, if M is viewed as a Z-D-bimodule, then Tor®(M,N) is defined to be the 
Z-E-bimodulc such that Hom E (Tor°(M,Af), I) = Ext£ (M, Hom E (Af, I)) for all 
injective /. 

Since F is left exact, it is enough to show that it commutes with products because 
then it will have a left adjoint and that left adjoint evaluated at Z will give the 
representing object. Let {Wj} be a family of objects in E, and for each j take 
an injective resolution — > Wj — > J*. Since the product functor J| is left exact 
and exact on injectives, and the product of injectives is injective, — *• ]^[ — > 

J' is an injective resolution of JJWj. Therefore F(J\Wj) = Kei(F(f\ J?) -> 
F(Y\Jj)). Since Hom E (J\f, — ) and Ext l D (M, — ) both commute with products, so 
does F. Hence 

F([[Wj) = Ker([p - 11^4)) 

= nKer(F(J J °)-F(J J 1 )) 

That is, F commutes with products. □ 

There is a graded version of this lemma that may be applied to the present 
situation. Thus, if Me GrMo<M, then T orf (M,o x ) G GrModyl is determined by 
the requirement that 

Rom GrMo<iA (Tor£{M,ox),I) = Vxtl Mo6A {M ,Hom A {ox , I)) (2-3) 

for all injectives I G GrModA 

We may also view ox as an A-o^-bimodule, and examine Tor ^(M, Ox) in that 
context. As remarked in [14, page 18], we have 

Tor*(M,o x ) =Tor£(M,o x )x, 
where on the left o x is an A-ox-bimodulc and on the right it is an A-A-bimodulc. 
There is a notion of minimal resolution in grmod A 

Definition 2.5. A complex {P,, d n } in grmodA is minimal if lmd n C P„m for all n. 

By [14, 3.1.5], Torf (- , o x ) is a 5- functor. 

Lemma 2.6. Let A be a connected noetherian X -algebra, and M G grmodA. If 
induced modules are acyclic for Tor ^(—,Ox), then Tor f (M,Ox)x € grmodX. In 
particular, if M admits a minimal resolution of the form P t — V,® X A — > M , there 
is an isomorphism of graded X -modules 

Vi^Torf{M,o x )x- 

Proof. By Lemma 2.2, there is an cpimorphism Vq <E>x A —> M for some Vq G 
grmod AT. Repeatedly applying this process to the kernels of the epimorphisms, 
we can construct a noetherian induced resolution P, = V, (S>x A — ► M. Since 
Pi ®A ox = Vi ®x A <g> A ox — Vi G grmodX, by the acyclicity hypothesis, 
T orf (M,o x )x = Hi{P. ®A o x ) = #i(V.) G grmodA". If the resolution P, = 
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V» ®x A — > M is minimal, then the differentials in P, <E>a ox — V, are all zero, 
hence 

Tor?(M,o x )x=V l . 

□ 

Warning. Graded modules over a connected algebra in our sense need not have 
minimal resolutions. For example, if A is the polynomial ring k[x, y] with deg x = 
and deg y — 1, then A is a connected A^algebra, but A/{x) does not have a minimal 
resolution in the sense just defined. If Aq is semi-simple, then every left bounded 
graded A-module has a minimal resolution. 

For our applications to a quantum projective space bundle P(£) — > X over a 
(commutative!) scheme X, we will only need that one very special module has a 
minimal resolution, namely Ox, and that is guaranteed by the very definition of 
¥(£). 

3. "Locally free" graded X-algebras 

We retain the notation from the previous section. Thus A is a noetherian, 
connected, graded A"-algebra. Throughout this section we assume that — <S>x A is 
exact; i.e., — <g>x A^ is exact for all i. We think of A as analogous to a locally free 
sheaf of graded algebras on a scheme X. 

Lemma 3.2 shows that the exactness of — (E>x A implies that induced modules 
are acyclic for Tor ^(—,ox). This is used to characterize those M G grmocM for 
which T or i (M, o x ) = 0. 

Lemma 3.1. Suppose that — <8>x A is exact. IfVe GrModX and M G GrModA, 

then there is a functorial isomorphism 

E< ModA (F ®x A, M) = Extl Modx (V, M X ). 

Proof. If — > M — > 7* is an injective resolution in GrMod^4, then — ► Mx - * ^ 
is an injective resolution in GrModX. Thus 

Ext GrModA(^ ®x A, M) = W(Rom GrModA (V ®x A, /')) 
= H"(Rom GrModx (V,I x )) 
= ^<r Mod x(V,M x ). 

□ 

Lemma 3.2. If ~® X A is exact, then induced modules are acyclic for Tor ^(—,ox). 

Proof. Let I G GrModA be injective. By the definition of Tor , 

HomcrModA (Tor^iy ® x A,o x ),/) = Ext£ rMotL4 (V ® x A Mom AoxJ)). 

By Lemma 3.1, this is isomorphic to Ext jj- rMod x (V, Horn A (ox,I)x). In the proof 
so far ox has been viewed as a graded A-A-bimodulc. But riom A (ox . I) x = 
Hom A (ox , I), where on the right hand side ox is viewed as a graded A"-algcbra. 
Since Hom A (o x , — ) is right adjoint to the exact functor (— ) A it preserves injectives. 
Hence 7jgm A {o x ,I) is injective and, if q > 1, Tor ^(V >g> x A, o x ) = 0. □ 

If k is a field, A a connected /c-algebra, and M a finitely generated graded 
module, then Tor^(M, k) = if and only if M is a free A- module. The next result 
is an analogue of this. 
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Lemma 3.3. Let A be a connected noetherian X-algebra such that ~ ®x A is 
exact. For M G grmodA, Tor A {M,ox) = if and only if M has a finite filtration 
by graded A-submodules such that each slice is an induced module. 

Proof. (<=) By the long exact sequence for Tor ^(— , Ox), it suffices to show that 
Tor f(V <S>x A, ox) is zero. But this is true by Lemma 3.2. 

(=>) By Lemma 2.2, there are integers a and b for which the natural map 

®i=a M i ®x A -> M 
is an epimorphism. We will prove the result by induction on b — a. 
Suppose that b — a = 0. Then there are exact sequences 

-» K M a ® x A -> M -> 

and 

= Torf(M, o x ) -> K ® A o x ^ M a ® x A ® A o x ^ M ® A o x 

of graded X-modules. But M a ®x ^4 ox — M a because — (g>x A <g> A ox is 
equivalent to the identity functor, and M (3a ox — M a by Lemma 2.1, so ip is 
monic. Thus K ®a ox = 0. Since M is noetherian, M a is a noetherian X-module. 
Since A is noetherian, M a (g)x^4 is a noetherian A- module, whence K is a noetherian 
A-module. Hence by Nakayama's Lemma, K = 0. Thus M = M a ®x A is induced. 

Now suppose that b - a > 1. Write C := coker(M ®x A -> M) and K := 
im(M a ®x A — > M). Hence there are exact sequences 

O^if^M^C^O (3-1) 

and 

= TorfiM, o x ) - Torf (C, ox) - A" a o x — ► M ®a ox —> C ®a ox — > 0. 

However, M ®x ^4 ox — > M (gu ox is monic, so K <S>a ox — > M 0a ox is monic. 
Therefore Tor^fC, Ox) = 0. 

The top and right arrows in the diagram 

® b i= a Mi® x A > M 

I 1 

et a C^xA > C 

are epimorphisms, so the bottom arrow is epic too. However C a — 0, so the 
induction hypothesis implies that C has a finite filtration with each slice an induced 
module. 

Since C has a filtration by induced modules, Tor ^iC, ox) = 0. Therefore 
Tor_ i(K, ox) = 0. Since the morphism K a <3x A — > K is epic the proof of the 
case b = a shows that K is induced. It follows from the exact sequence (3-1) that 
M has a filtration of the required form. □ 

4. GROTHENDIECK GROUPS 

We retain the notation from the previous section. Thus A is a connected noe- 
therian X-algebra. 

Now assume that X is a noetherian quasi-schemc. The Grothcndicck group of 
X is defined to be 

K (X) := K (modX). 
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If M € modX, we denote its image in Kq(X) by \M\. 
Let T be an indeterminate and write 

We also consider Ko(grmodX). The degree shift functor M i— > M(— 1) on 
grmodX induces an automorphism of the group Ko(grmodX). We make /fo(grmodX) 
into a Z[T, T _1 ]-module by defining 

[M].T := [M(-l)]. 

The next result is clear. 

Lemma 4.1. There is an isomorphism of U^T^T^^-modules 

K {gr m o6X) = K a (X)[T,T- 1 ] 
given by the map [M] i— » ^JMjjT 1 , where Mi is the degree i component of M . 
The forgetful functor (-)x '■ GrMod^4 — > GrModX induces a map 

M^H M (T) :=Y}^]T l 

i 

sending a module M to its Hilbert series. Since (-)x is exact, Hm induces a group 
homomorphism 

Xo(grmodyl) ^ K a (X)[%T-% 

If we make K {grmodA) into a Z[T, T _1 ]-module, this group homomorphism is a 
homomorphism of Z[T, T _1 ]-modules. 

Proposition 4.2. Lef A be a connected noetherian X-algebra such that — ®x A 
is exact. Suppose that for each M e grmodyl, Tor ^(M, Ox) = /or q » 0. T/ien 
i/iere is a well-defined Z[X \T~ 1 ]-module homomorphism 

p : K (grmodA) — > if (grmodX) 

given &?/ 

p[M] - ^(-l)MTorf (M, ox)]- (4-1) 

Proof. To see that p is well-defined first observe that T or f(M,o x ) <E grmodX by 
Lemmas 2.6 and 3.2, and the sum (4-1) is finite by hypothesis. The long exact 
sequence for Tor ^(— , ox) ensures that p is defined on K (grmodA). □ 

Proposition 4.3. £ei A 6e a connected noetherian X-algebra such that — ®x A is 
exact. Suppose that for each M G grmodA, Tor ^(M, ox) = for g > 0. Then p 
and the map induced by [V] i— > [V (g>x A] are mutual inverses giving an isomorphism 

K (grmodA) = if (grmodX) 

of Z[T, T~ 1 ]-modules. 

Proof. Since — ®x ^4 is exact it induces a group homomorphism 9 : ifo(grmodX) — > 
ifo(grmodA). First we show that 9 is surjective. 
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Let M € grmodA By Lemma 3.3, there is an epimorphism L :— V <E>x A — ► M 
for some V E grmodX. By Lemma 3.2, Torf{L,o x ) = for all j > 1. By 
induction, there is a resolution of graded A-modules 

> L n -» ► L M -f 

with each induced from a noethcrian graded X-modulc. Consider the truncation 

N -> Ld-i > io — > M — ► 0. 

Since Tor f(Lj,ox) = for < j < d — 1 and i > 1, dimension shifting gives 

Tor?(N,o x ) =Tor£ +1 (M,o x ) = 0. 

By Lemma 3.3, TV has a filtration with slices being induced modules. Each Lj 
is an induced module so, in ito(g rmoc L4), [M] is a linear combination of induced 
modules. This proves the surjectivity. 

If V G grmodX, then Lemma 3.2 shows that 

(po6){V}=Y,(-lY[loz.t(V®x A,o x )} = [V ® X A® A o x ] = [V], 

so p9 = id^ ( grmoc ix)- Therefore 9 is injective and p is its inverse. □ 

Corollary 4.4. Under the hypotheses of Proposition 4.3, 

Ko(grmodA) = KoiX^T- 1 }. 

Proof. Combine Proposition 4.3 and Lemma 4.1. □ 

The quasi-scheme Projn 

C A. The full subcategory of GrModA consisting of 
direct limits of modules annihilated by some A> n is denoted TorsA The full sub- 
category of noetherian objects in TorsA is denoted by torsA The quotient category 

Proj nc A := GrModA/TorsA 

is a Grothcndieck category. We call Proj ncJ 4 the projective quasi-scheme associated 
to A. We write it : GrModA — > Proj nc A for the quotient functor, and denote its 
right adjoint by lo. We define -^(Projnc^l) to be the Grothendieck group of the full 
subcategory of noetherian Proj nc A-modules. The degree shift functor on graded 
A-modules preserves TorsA, so induces an auto-equivalence of Proj ncJ 4 that sends 
noetherian objects to noetherian objects, and hence induces an automorphism of 
if (Proj nc A). We make K Q (Pro] nc A) a Z[T, T^-module by defining 

[M].T:=[M{-1)\. 

A map / of quasi-schemes is an adjoint pair of functors (/*,/*) between their 
module categories [14, Section 3.5]. There is a map / : Proj nc A — > X of quasi- 
schemes defined as follows. If M. € Proj nc A, we define f*M. = (uA4)o, the degree 
zero component. If V G ModX, wc define f*V = ir(V ®x A). 

If A has some appropriate properties (see sections 5 and 6) we think of Proj n <A 
as a non-commutative analogue of a projective space bundle over X with structure 
map / : Proj ncJ 4 — > X. 

Theorem 4.5. Retain the hypotheses of Proposition 4-3. The group homomor- 
phism K (X)[T ', T -1 ] — > K (Pro] nc A), [T]T l ^ [/*J r (— induces an isomorphism 

X (Proj nc A) S K (X)[T,T~ 1 ]/I, 

where I is the image in iio(grmodJf) = K (X)[T, T _1 ] of the restriction of p to 
K (torsA). 
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Proof. The localization sequence for if -theory gives an exact sequence 

K (torsA) — ^— > ifo(grmodA) > K (Pro] nc A) > 0. 

Using the action of the degree shift functor, this is a sequence of Z[T, T _1 ]-modulcs. 
If M e torsA, then Mm 1 = for i » 0, so objects of torsA have finite nitrations 
with slices belonging to grmodJf . By Devissage, the inclusion grmodX — ► torsA 
induces an isomorphism if (grmodX) — > if ( tors ^4)- Thus we have a diagram 

K Q (torsA) — ^— ► ^o(grmodA) ► #o(Projn C A) > 

ifo(g rmo d^) if (grmodX) 



tfoPOpT.T- 1 ] iToWlT.T- 1 ], 
But p is an isomorphism, so K a (Pro} nc A) ^ coker(p o t/j) ^ X (X)[T, T -1 ]//. □ 

For the rest of this section, we suppose that X is a noetherian scheme in the 
usual sense. 

As usual, Ox denotes its structure sheaf. We define ModX to be the category 
of quasi-coherent Ox-modules. Thus Ox is in grmodJT, and hence in grmodA via 
the map A — > ox of graded X-algebras and the associated fully faithful functor 
(— )a '■ GrModJf — > GrModA Thus Ox is a torsion A-module concentrated in 
degree zero. 

Proposition 4.6. Retain the hypotheses of Proposition 4-3. Further, suppose that 
X is a separated regular noetherian scheme. Let T G grmodX, and view Ta = T 
as a graded A-module annihilated by A >n . Then 

P [T A \ = [T\.p[O x \ 

where the product on the right hand side is the usual product in K (X) extended to 
Kq(X)[T, T _1 ] in the natural way. 

Proof. The hypothesis on X ensures that T has a finite resolution by locally free 
Ox-modules, say W, — ► T. The ring structure on K (X)[T, T _1 ] is defined by 

where Tor x denotes the sheaf Tor of graded X-modules. 
By definition of p[Ox], we have 

[T}.p[Ox}=J2(- 1 ) 9 ^Ulo4(Ox,o x )} 
q 

= E(- 1 ) 9 E(- 1 ) P ^(^^(^'°^))]' 

q p 

Hence, to prove the proposition, we must show that 
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This will follow in the standard way if we can prove the existence of a convergent 
spectral sequence 

ToLp(^,lo4(Ox,o x j)^To4 +q (T 7 o x ). (4-2) 

This is a mild variation of the usual spectral sequence — the details follow. 

By Lemma 2.2, there is a resolution of Ox in grmodA by noetherian induced 
modules. Since every Ox-module is a quotient of a locally free Ox-module there 
is a resolution V, ®x A — > Ox with each V q a locally free graded Ox-modulc. The 
spectral sequence we want will come from the bicomplex W» ®x V». 

First we make a preliminary calculation. Applying the forgetful functor (-)x, 
we can view V» ®x A as an exact sequence in GrModA. Since — <E>x A is an 
exact functor, each V q ®x A is a locally free Ox-module. Hence Tor ^" (J 7 , Ox) — 

H q {F® x V. ® x A). But Torf {J 7 , Ox) = Tor^(T,O x ) is zero if q ^ 0, so we 
conclude that !F<S>x V, ®x A — > T is exact, whence it is a resolution of T in grmodA 
by induced modules. Applying — ®a »x to this complex, it follows from Lemma 
3.2 that TorfiF.ox) = H q (T <g>x V.). Similarly, HJV.) = Torf(Ox,ox). 

Now we consider the bicomplex W. ®x V,. Since — ®x V q is exact, taking 
homology along the rows gives zero everywhere except in the first column where the 
homology is T®x V.; taking homology down this column gives Tor ^jT, Ox) by the 
previous paragraph. On the other hand, because W p is locally free, when we take 
homology down the p th column we get W p ®xH,(V,) = W P <g>x Tor . (Ox, ox)- If we 
now take the homology of W. ®x Tor^(O x ,o x ) we get Tor* (T , Torf(O x , Qx))- 
Thus, we obtain the desired spectral sequence. □ 

Proposition 4.6 says that the restriction of p to Kq (torsA) , which we may identify 
with KoiX^T,^ 1 ] by Devissage, is multiplication by p[O x ]- Thus p{K {torsA)) 
is the ideal generated by p[Ox]- 

Remark 4.7. A connected graded algebra over a field k has finite global dimension if 
and only if the trivial module k has finite projective dimension; equivalently, if and 
only if Tor ? (k, k) = for q 3> 0. The spectral sequence (4-2) yields an analogue of 
this result. If A is a separated regular noetherian scheme, then Tor ^jT, ox ) = 
for all T 6 modA and all n > if and only if Torf(O x ,o x ) = for q > 0. 

Combining Theorem 4.5 and Proposition 4.6 gives the next result. 

Theorem 4.8. Retain the hypotheses of Proposition J±.3. Further, suppose that 
X is a separated, regular, noetherian scheme with structure sheaf Ox ■ Then the 
group homomorphism K (X)[T, T" 1 ] ->■ A (Proj nc A), [T]T l ^ induces 
an isomorphism 

A (Proj nc A) = A (A)[T,T- 1 ]/^ 
where I is the ideal generated by p[Ox] = ^ g (~ V] q [T or ^ {O x . Qx)\- 

Retain the hypotheses of Theorem 4.8. Evaluating — ®x A at Ox gives a graded 
A-modulc Ox <8>x A with degree i component Ox <8>x Ai e modA. The Hilbert 
series of this graded A-module is defined to be 

oo 

H(O x ®a A) := ®x A,]T l 

belonging to the power series ring Ao(A)[[T]]. Since A is connected the leading 
coefficient of this is [Ox®xox] = [Ox], the identity element in the ring Aq(A)[[T]]. 
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Therefore H(Ox <S>x A) is a unit in IfoPOIp 1 ]] and we may speak of its inverse, as 
we do in the next result. 

Proposition 4.9. Under the hypotheses of Theorem 4-8, if Ox has a minimal 
resolution by noetherian induced modules, then 

p[Ox]=H{O x ®x A)- 1 . 

Proof. Let V. ®x A — > Ox be a minimal resolution in grmodA (Definition 2.5). 
It is necessarily finite. Associativity of tensor product for weak bimodules gives 
V q ®x A = V q ®o x (®x ®x A). Therefore, we have the following computation in 
Xo(grmodX) = K {X)[T,T- 1 ] C K (X)[[T]][T^]: 

[0*]=£(-w 9 ®x a] 

= £(-i) 9 [v 9 ].[0x®A] 

= Y J {-V q [l<Kq(O x ,o x )].H{O x ® A) 
= p[O x ].H{O x ®A). 

□ 

Theorem 4.8 and Proposition 4.9 apply to ordinary algebras. If k is a field and 
A is a connected graded noetherian /c-algebra of finite global dimension, then A is 
an algebra over X = Specfc such that Tor ^f— . k) = for q » 0, and — (g>k A4 is 
exact for every i. Since p[k] — HAiT)^ 1 , where Ha{T) is the usual Hilbert series 
of A, we get 

^(Prov^Zprl/OMT)- 1 ), 
thereby recovering [6, Theorem 2.4]. 

5. Applications to quantum projective space bundles over a 

commutative scheme 

Now we apply the results of the previous section to quantum projective space 
bundles over a commutative scheme. Before giving the definition we must recall 
some terminology from [13]. 

Fix a field k. Let X and Y be noetherian schemes over k. Let pn and pr 2 denote 
the canonical projections pr\ : X x Y ^ X and pr 2 : X xY — > Y. Let ModX and 
ModF be the categories of quasi-coherent sheaves on X and Y respectively. 

Definition 5.1. An O x -Oy bimodule is a quasi-coherent sheaf Ai on X x Y such 
that the restrictions pr\ : Supp M! — > X and pr 2 : Supp M! — > X are finite for all 
coherent subsheaves A^' C A4. A morphism of Ox~Oy bimodules is a morphism of 
Cvxy-modules. We say that M is coherent if it is coherent as an Oxxy-modulc. 
The category of coherent Ox-Oy bimodules is denoted by E\mod(Ox , Oy). 

If M is an Ox-Oy bimodule and AA is an Oy-Oz bimodule, then the tensor 
product of M. and M is the Ox~Oz bimodule, defined by 



(5-1) 
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It is possible to tensor an Ox-Oy bimodulc with an Ox-module or Oy-module in 
the appropriate order. For example, if T € ModAT and Ai is an Ox-Oy bimodulc, 
then 

T®O x M ■^pr2*{priT ®o XxY Ai) (5-2) 

is in ModF. This defines a functor - ® 0x Ai : ModA -> UodY . The formula (5-2) 
is a special case of (5-1) since J- is naturally an Os pcc fc-Ox bimodulc. 

Let Ai be a coherent Ox-Oy bimodulc and T — Supp Ai. Since pr 2 : T — > Y is 
finite, it is affine, therefore pr 2 * : ModF — > ModF has a right adjoint pr 2 : ModF — > 
Modr. We define the functor Hom OY {M, -) : ModF -> ModX by 

Homo Y {M,Q) := pru(Homo XxY {M,pr\iG)) (5-3) 

for g e Modr. 

A special case of (5-2) arises when T = Ox- This amounts to viewing Ai as 
a right Oy-module. More precisely, the direct image is an exact functor pr 2 * ■ 
Bimod(0x, Oy) — > ModOy. Of course, pr2* need not be exact on ModOxxy, but 
its restriction to Bimod (Ox, Oy) is because if — > .Fi — > ^ — > F3 — » is an exact 
sequence in Bimod(Ox, Oy), then U? =1 Supp F, is affine over Y. 

Lemma 5.2. If M is a coherent Ox-Oy bimodule, then the functor — ®o x M. ■ 
ModA — > ModF defined by (5-2) is a left adjoint to the functor Homo Y (A4, — ) : 
ModF -> ModA denned 6y (5-3). 

Proof. Let F = Supp Ai. Let pr2* denote the restriction to Modr. Since 

Hom Cy [T ®o x M,Q) = E.om OY (pr2*(pr*3 r ®Oxxy M),G) 
S Hom 0r (prIJ 7 ® 0jCxy A4,pr 2 g) 
= RomoriprlJ 7 , TLom 0xxY {M,pr 2 Q)) 
= Hom 0x (F,pri*:ftom 0xxy (A4,pr 2 £)) 
= Hom 0x (J 7 , Tiom OY (M, £/)), 

the result follows. □ 

Therefore a coherent Ox-Oy bimodule Ai determines an X-Y bimodule in 
the earlier sense that we still call Ai. It corresponds to the left exact functor 
Homo Y {Ai, — ), having left adjoint — ®o x Ai. The tensor product (5-1) of bimod- 
ules is associative [13, Proposition 2.5], so this notion of tensor product is com- 
patible with the earlier one defined in the introduction. A morphism of Ox-Oy 
bimodules Ai — > Af induces natural trasformations 

Homo Y (Af, -) — > Tiom OY (M, -) 

and 

- ®o x Ai -> - ® 0x Af. 

In this way we get a functor from Bimod(0x, Oy) to BiMod(A, Y) that is compat- 
ible with the tensor products. Moreover, this functor is fully faithful [15, Lemma 
3.1.1]. 

By symmetry Ai ®o Y — ■ ModF — > ModA has a right adjoint, so Ai also 
determines a Y-X bimodulc. 
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Definition 5.3. A coherent Ox-Oy bimodule £ is locally free if pn*£ and pr2*£ are 
locally free on X and Y respectively. If pr\*£ and pri*£ are locally free of the same 
rank r, then we say that £ is locally free of rank r. 

Let M. be a coherent Ox-Oy bimodule. Then pruA4 (resp. pr2*M) is locally 
free if and only if the functor — ®o x M. (resp. M. ®o Y ~~) lii exact. Let £ be an 
Ox-Oy bimodule and T an Oy-Oz bimodule. If £ and T are locally free, so is 
£ ®o Y 

From now on we restrict to the case X = Y. By an Ox-bimodule, we mean 
an Ox-Ox bimodule. Let A denote the diagonal in X x X. Then Oa is an Ox- 
bimodule in an obvious way. We call it the trivial Ox-bimodule. It is isomorphic 
to Ox on each side, and the Ox-action is central. 

Definition 5.4. A graded Ox-bimodule algebra is an Ox-bimodule B that is a direct 
sum B = ®%Bi of Ox-bimodules equipped with maps of Ox-bimodules Bi®o x &j ~* 
Bi+j (the multiplication) and Oa — > Bo (the unit) such that the usual diagrams 
commute. We say that B is connected if B is N-graded and Bo — Oa as Ox~ 
bimodulcs. 

Definition 5.5. Let B be a graded Ox -bimodule algebra. An Ox-module M that 
is a direct sum M. = ®iM.% of Ox-modules is called a graded right £>-module if it 
is equipped with maps of Ox-modules Mi ®o x &j ~ * -Mi+j (the action) satisfying 
the usual compatibilities. The category of graded right ^-modules will be denoted 
by GrModS. 

A graded right £>-module is torsion if M n = for n » 0. The subcategory 
consisting of direct limits of torsion modules is denoted by Tors£>. The quantum 
projective scheme associated to B is 

ProjncS := GrMod£/Tors£. 

We say that B is noetherian if GrModZ? is a locally noetherian Grothendieck 
category. 

Definition 5.6. Let B be a graded Ox-bimodule algebra. A graded B-Ox bimodule 
is a direct sum of Ox-bimodules, M. = ®A4i, endowed with maps Bi ®o x -Mj — > 
Mi+j of Ox-bimodules making the usual diagrams commute. 

If B is connected then the augmentation map e : B — > Oa makes Oa a graded 
S-Ox-bimodulc. 

Definition 5.7. A quantum P"-bundle over a commutative scheme A is a quasi- 
schemc of the form Proj nc £> where B is a connected graded noetherian Ox-bimodule 
algebra such that 

• each Bi is a locally free coherent Ox-bimodule; 

• there is an exact sequence 

-» B ®o x £' n +i(-n - 1) -> > B ® 0x £'ii-l) -» B ®o x £ o ^ O a -► 

(5-4) 

of graded S-Ox-bimodules in which each £■ is a locally free Ox-bimodule 
of rank ( n ^ 1 ) concentrated in degree zero; 
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• there is an exact sequence 

-» S n +i ®o x B(-n - 1) -> > £i ®Ox -» £b ®Ox B -> O a -> 

(5-5) 

of graded C'x-'S-bimodules in which each is a locally free O^-bimodulc 
of rank concentrated in degree zero. 

Usual projective space bundles are quantum P"-bundles: a locally free sheaf £ 
on a scheme X may be viewed as a sheaf on A, the usual symmetric algebra S{£) 
may play the role of B, and there are exact sequences of the prescribed form with 
£ q = £' q = /\ q £, the q th exterior power. 

Let B be a, graded Ojf-bimodule algebra. If each Bi is a coherent Ox-bimodulc, 
then B determines a graded X-algebra A in the earlier sense by 

Hom x {Ai, -) := Kom 0x (B l , -) 

each of which has a left adjoint — ®x M — — ®o x Bi- If B is connected, so is A. 
A graded right S-module M can be thought of as a graded A-module because 

Mi ®x Aj = Mi ®o x Bj -> Mi+j. 

Conversely, a graded A module M can be thought of as a graded right ^-module 
because 

Mi ® 0x Bj = Mi ® x Aj -> M i+ j. 

It follows that GrModZ? = GrModA Moreover, this equivalence preserves torsion 
objects, so 

Projnc-B = ProjncA. 

Lemma 5.8. Let X be a scheme and let A be a connected graded X-algebra such 
that — ®x A is exact. If £ is a locally free Ox-bimodule and M E GrModA, then 
A ®x £ is acyclic for Tor t (M, — ). 

Proof. We can view £ as a graded X-X-bimodule in the earlier sense, concentrated 
in degree zero. Composing left exact functors gives a graded yl-X-bimodule A®x£- 
By the graded version of Lemma 2.4, Tor ^(M, A ®x £) is the graded A- module 
determined by the requirement that 

Hom GModA (Tor^(M, A® X £),I) = Ext^ Mod A (M, Horn X (A ® x £,I)) 

for all injectives / G GrModX. However, 7iom x (A<Z)x£, — ) has an exact left adjoint 
-®xA® 0x £j so Uom x (A®x £,I) is injective. Therefore T orf (M, A® x £) = 
if g > 1. □ 

Theorem 5.9. Let X be a separated regular noetherian scheme. If 9ro] nc B is a 
quantum P™ -bundle over X as in Definition 5.7, then the Hilbert series of pr 2 *B = 
Ox ®o x B is 

H(pr 2 *B) = fe(-l)V2.£ g ]T* 

and 

K (Pro] nc B) S K (X)[T]/ (H(pr 2 *B)~ 1 ). 
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Proof. Let A be the A-algebra determined by B. Then Proj nc A = Proj nc £>. The 
result will follow from Theorem 4.8 and Proposition 4.9, but in order to apply those 
results we must check that A satisfies the hypotheses of Proposition 4.3. 

First A is connected and noetheiran because B is. Since each Bj is locally free, 
— <S>x A is exact. The sequence (5-4) gives an exact sequence A cg>x £', —> ox — > 
in BiGr(j4, A). By Lemma 5.8, we can compute Tor f(M, ox) as the homology of 
M ® A A® x £'.- But (5-4) is a bounded complex, so Tor^(M, o x ) = for q > 0. 
Thus, the results in section 4 apply to this particular A. 

Apply pr 2 * to the sequence (5-5). This gives an exact sequence of graded right 
,8-modulcs. Passing to the category of A-modules this gives a resolution of Ox by 
induced modules, namely 

— > pr 2 *£ n +i ®x A(-n - 1) — > ► pr 2 *£ ®x -4 -> O x — > 0. 

It is a minimal resolution because each pr 2if £i is concentrated in degree zero. By 
Proposition Lemma 2.6, Tor ^iOx , oy) = pr 2 «£ q (—q) so the result is a consequence 
of Theorem 4.8 and Proposition 4.9. □ 

As remarked after Definition 5.7, usual projective space bundles are quantum 
P™-bundlcs, so Theorem 5.9 computes the Grothendieck group of a usual projective 
space bundle. 

6. Intersection theory over quantum ruled surfaces 

In this section, let A be a smooth projective curve over an algebraically closed 
field k. We apply our computation of the Grothendieck groups to a quantum ruled 
surface (defined below) and then use this to develop an intersection theory for 
quantum ruled surfaces. 

First we recall Van den Bergh's definition of a quantum ruled surface [15] (see 
also [7], [10], [13]). Let £ be a locally free Ox-bimodule. By [15, Section 3], £ 
has both a right and a left adjoint, £* and *£ , each of which is a locally free Ox- 
bimodulc. An invcrtible Ox-subbimodulc Q C £ <£>o x £ i s nondegenerate if the 
composition 

£* ®o x Q^£* ®o x £ ®o x £ -» £ 

induced by the canonical map £* ®o x £ ~^ ®A, an d the composition 

Q ®o x *£ -> £ ®o x £ ®o x *£ -> £ 
induced by the canonical map £ ®o x *£ "~ * are isomorphisms. 
Definition 6.1. [15] A quantum ruled surface over A is a quasi-scheme P(£) where 

• £ is a locally free Ox-bimodule of rank 2, 

• Q C £ ®o x £ is a nondegenerate invertible Cx-subbimodule, 

• B = T(£)/(Q) where T{£) is the tensor algebra of £ over A, and 

• ModP(£) = Proj nc £. 

We define O v(£) := 7r(pr 2 *B) = tt(O x ®x B). 

By [15, Section 4], P(£) is independent of the choice of a nondegenerate Q. In 
fact, Q is not even needed to define P(£) (loc. cit.). 

Theorem 6.2. I/P(£) is a quantum ruled surface over A , then 

Ao(P(£))=A (A)[T]// (6-1) 

where I is the ideal generated by [Ox] — [pr 2 *£]T + [pr 2 *Q]T 2 . 
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Proof. By [15, Theorem 1.2], B is noetherian. By [15, Theorem 6.1.2], each B„ is a 
locally free coherent Ox-bimodules of rank n + 1 for n > 0, and there is an exact 
sequence 

-» Q ® 0x B(— 2) -» £ ® 0x B(-l) -» O a ®o x B -> Oa -> 

of graded C'a'-B bimodules. By symmetry of the definition of B, there is an exact 
sequence 

-» B ® 0x Q(-2) -» B ® 0x £(-1) -» B ® 0x O a -> C»a -> 

of graded B-O^ bimodules. It follows that P(£) is a quantum P 1 -bundle over X in 
the sense of Definition 5.7, so Theorem 5.9 applies and gives the desired result. □ 

The structure map 

/ : p(£) - a: 

for a quantum ruled surface over X is given by the adjoint pair of functors 

/» : ModP(£) -> ModX 
f*(nM) = (ujttM)o, 
f* : ModX -> ModP(£) 

f*f = ir(T® 0x B). 

We have f*Ox = O r i£\ and f*O r ^ = Ox- The next lemma, which is a simple 
consequence of results of Nyman and Van den Bergh, shows among other things 
that J R 1 /*Cp(f) = 0. 

Notice that /* is exact because — ®o x B : ModX — > GrModB and it : GrModB — > 
ModP(£) are exact. Moreover, /* J" e modP(£) for all T G modX by [8, Lemma 
2.17], and R q f*M G modX for all X G modP(£) and q > by [9, Corollary 3.3]. 

The isomorphism in Theorem 6.2 is induced by the map Ko(X)[T,T ] — > 
if (P(£)), [J^T' i-> [/*;F(-i)]. Since Q is invertible, [pr 2 *Q] is a unit in if (I)[T, T" 1 ] 
and we obtain an isomorphism K (V{£)) = K (X) K (X)T. 

Lemma 6.3. Let £ be a locally free coherent Ox-module. Then 

/*((/*£)(n)) S £ ®o x B„ for all n G Z, 

'o ifn>-l, 



J? 1 /* ((/*£) (n)) = 
R*f* = for i > 2. 



£(8) 0x (B_ 2 -„)* ifn<-2, 



Furthermore, /*/* = id, i? 1 /* ° /* = 0; arl ^ ^/* ° /* = idD b (A-); where D b (X) 
denotes the bounded derived category of coherent Ox -modules. 

Proof. By [9, Theorem 2.5], 

t(C ®o x B) = 0, 

R}-t{C®Ox B) = 0, 

'0 ifn>-l, 



(R 2 t(£® 0x %S 
i?V = for i > 3. 



£®o x (B_ 2 _„)* ifn<-2, 
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If M. £ GrModB, there is an exact sequence 

O^tM^M^ luttM -» i?V(A4) -» 0, 

and isomorphisms i? I w(7rA / () = R 1+1 tM for i > 1 in GrMod£> [14, section 3.8]. 

Since R i f*(wM(n)) = R i uj(nM) n for i > 0, the result follows. 

Let J 7 be & coherent Ox-module. There is an exact sequence — > £ —> C — > 
— > with £' and C locally free Ox-modules. Because /* is exact, /*/* is left 

exact; because i? 1 /* o/, vanishes on locally free sheaves, there is an exact sequence 

-> /*/*£' /*/*£ -> /*/*JF -» 0. Because /*/* is the identity on locally 

free sheaves it follows that f*f*T = T. Hence /*/* is isomorphic to the identity 

functor. It follows that o /* = id D i>(xv 

Because i? 2 /* = 0, i? 1 /* is right exact. Because i? 1 /* o /* vanishes on locally 

free sheaves it vanishes on all Ox-modules. □ 

Intersection theory. Let Y be a noetherian quasi-scheme over a field k such 
that 

• dim fe ExtV(X,7V) < oo for alH > 0, and 

• ExtV(M,7V) = for all i > 0, 

for all M,Af G modF. A quantum ruled surface satisfies the first of these conditions 
by [9, Corollary 3.6], and satisfies the second by Proposition 6.4 below. We define 
the Euler form on the Grothcndicck group of Y by 

(-,-): K (Y)xK (Y)^Z. 

OO 

([M], [A/]) := ]T(-1) 1 dim fe Exty(M,Af). 

i=0 

Wc define the intersection multiplicity of M and A" by 

M -N:= (-l) dimA ^(ALA0 

for some suitably defined dimension function dim A/". In particular, if M and M 
are "curves" on a "quantum surface" Y, then we define M. ■ M = —(M,N). 
The homological dimension of Ai € mod!" is 

hd(M) = sup{i | Exty (M , M) ± for some A" £ modF}, 

and the homological dimension of Y is 

hd(Y) = sup{hd(A4) | M e modF}. 

Proposition 6.4. The quantum ruled surface P(£ ) over X has finite homological 
dimension. 

Proof. First we show that hd(/*jr) < 2 if T is a coherent Ox-module. Let M 6 
modP(f). 

Since /* is right adjoint to the exact functor /*, it preserves injectives, so there 
is a Grothcndicck spectral sequence 



Ext x {T, if/, {M))=> Ext£+* (/* T, M) 
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for any T G modX and M G modP(£). Since R q f* = for q > 2 by Lemma 6.3, 
we get an exact sequence 

- Ert} x {F,UM) -> Ext£ (£) (/*.F,M) -> Hom^fJ,]? 1 /^) - 

- Ex&(.F,/,A<) -> Ext| (£) (/*^,.M) - Ext^fl 1 /*^) - 

- Ext^/JU) -> E X 4 (£) (/*^,7W) - Ext^^.iZ 1 /.^) - • ■■ . 

Since X is a smooth curve, Ext^ = for p > 2, so ExtL f s(/*^", -) = for p > 3 
and hd(/*.F) < 2. 

By Theorem 6.2, if (P(£)) is generated by [(f*F)(nj\ for J 7 G modX and neZ. 
Let — ► At' — > M — > .M" — > be an exact sequence in modP(£). If two of 
.M, Ai', M" have finite homological dimension, so does the other, so it is enough to 
show that (/*jF)(n) has finite homological dimension. But we have just seen that 
hd((/*JF)(n)) < 2 so the result follows. □ 

Lemma 6.5. Let ¥{£) be a quantum ruled surface over X. If T G modJf and 
M G modP(£), then 

(1) (f*J 7 ,M) = (F,f*M) - {F,&UM) and 

(2) if £ is a locally free coherent Ox -module and n > — 1, then 

{f *T, {fC){n)) = {F,C® 0x B n ). 

Proof. (1) From the long exact sequence in the previous proof, we obtain an exact 
sequence 

- Ext^(JF,/*A<) - Ex4 (£) (/*JF,7W) -» Hom x (JF, R 1 f*M) -» 
and an isomorphism 

Ext| (£) (/*^,M) = Ext x (T,R\UM). 
Combining this with the adjoint isomorphism 

Kom r{£) (f*F,M) S Hom x (^,/,M), 

we get 

= (FJ*M) - (T,R\UM). 
(2) By Lemma 6.3, /*((/*£) (n)) = £ ®o x and i? 1 /*((/* £)(«)) = so part 
(1) gives (/*£)(n)) - (T, £ B n )- □ 

Our remaining goal is Theorem 6.8 which shows that the intersection theory on 
P(£) is like that for a commutative ruled surface. 

First we recall the following standard result that describes the Euler form on the 
smooth projective curve X. 

Lemma 6.6. Let g be the genus of X, and p and q closed points of X. Then 

(O x ,O x ) = l-g. 
{O x ,O p ) = l. 
(O p ,O x ) = -l. 
(O p ,O q ) = 0. 

Lemma 6.7. Let p be a closed point of X and n an integer > —1. Then 
(1) R\U(rO p )(n))=0, 
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(2) [f*((f*O p )(n))] = Yn=o[®Pi] in K (X) for some closed points p , ■■ ■ ,p n G 
X , and 

(3) (O n£) ,(f*O p )(n))=n+l. 

Proof. Let n G Z. Since /* is exact, the exact sequence — * Ox{— p) —> Ox —> 
O p — > in modX induces an exact sequence 

- (f*(O x (-p)))(n) - (/*0;r)(n) - (/*O p )(n) - 

in modP(£). Applying /* to this produces a long exact sequence 

- /.((/*Ox(-p))(n)) - mrO x ){n)) - /.((/*O p )(n)) 

- ipfwoxi-pmn)) - tfrnroxKn)) - ^/*((r^)W) - • • • 

in modA. 

Now suppose that n > — 1. 

Applying Lemma 6.3 to various terms in the previous long exact sequence, we 
get an exact sequence 

- O x (-p) ®o x B n -» Ox ®o x B„ - f*((f*Op)(n)) - 0, 

and also see that R 1 f r ((f*O p )(nj) = 0. On the other hand, there is an exact 
sequence 

-» Ox (-P) ®o x B n -» 0x ®o x B„ -» O p ®o x B„ -► 

in modA, so 

[Mf*Op)(n))} = [Ox ®o x B n ] - [Ox(-p) ®o x B n ] = [O p ® 0x B n ] 

in Kq{X). By [7, Lemma 4.1], the length of O p ®o x B n G mod A is n + 1, so 
\O p ® 0x B n ] = Yh=o [0 Pi ] in K (X) for some closed points p , ■ ■ ■ ,p n G X. In 
particular, 

(f*O x ,(f*Op)(n)) = (O x ,Mf*Op)(n))) - (O x , R 1 Mf*O p )(n))) 

n 

= J2(Ox,0 Pi ) 
= n+ 1 

by Lemmas 6.5 and 6.6. □ 

The next result says that "fibers do not meet" and "a fiber and a section meet 
exactly once" . 

Theorem 6.8. Let P(£) be a quantum ruled surface over X, and p and q closed 
points of X. Define 

H := [O r(£) ] - [Op (£ )(-l)] G K (¥(£)). 

Then 

f*o p ■ ro q = 0. 

f*O p H=l. 

H ■ f*O p = 1 

H ■ H = dcg(pr 2 *£). 
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Proof. (1) By Lemmas 6.5 (2), 6.6, and 6.7, 

(f*o p ,f*o q ) = (o p ,uro q )) - (o^R'uro,)) = (o P ,o q ) = 0. 

(2) By Lemmas 6.5 (3) and 6.6 

(f*O p , H) = (f*O p , f*O x ) - (f*O p , (f*O x )(-l)) 
= (O p , O x ® Dx B ) - (O p , O x ® Dx 

= (Op,O x ) 
= -1. 

ir o x , rop) - ((ro x )(-i),ro p ) 
(rox,ro p )-(rox,(rop)(i)) 

1 - 2 
= -1. 

(4) Let g be the genus of X. Since pr 2 *£ is a locally free module of rank 2 on a 
smooth curve, there is an exact sequence 

— > C\ — > pr 2 *£ —> £ 2 —> 

in which C\ and C 2 are line bundles [3, Chapter V, Exercise 2.3 (a)]. Thus [pr 2 „£ ] = 
[jCi] + [C 2 ] and deg(pr 2 *£) = deg£i +deg^2 [3, Chapter II, Exercise 6.12]. By 
Riemann-Roch, and Lemmas 6.5 (3) and 6.6, we have 

(h,h) =(f*o x ,rox) - ((ro x )(-i),rox) 

- (f*o x , (rox)(-i)) + ((.roxK-i), (rox){-i)) 

={Ox,O x ®o x B ) - (Ox, Ox ®o x 61) - (Ox, Ox ®o x S-i) 

+ (Ox,O x ®o x Bo) 
= (1 - g) - (1 - g + dcgA) - (1 - g + dcg£ 2 ) + (1 - g) 
= - dcg£i - dcg£ 2 
= - deg(pr 2 *f ). 

□ 

The previous result is the same as that for the commutative case — see Proposi- 
tions 2.8 and 2.9 in Chapter V of [3] . When £ is "normalized" , it is reasonable to call 
H a K-theoretic section; in this case the integer e :— —H H — — deg(pr 2 *£) should 
play an important role in the classification of quantum ruled surfaces analogous to 
the role that e plays in the commutative theory. 

The rank of a coherent Ox-module gives a group homomorphism rank : K (X) — > 
Z. Recall that K (P(£)) = K (X) © K (X)T, where the K (X) on the right 
hand side is really f*K (X). We define rank : K (F(£)) -> Z by rank(a + bT) = 
rank(a) + rank(fe) where a,b £ K (X). Then rank(0 P (£)(n)) = 1 for all n, so 
rank(_ff) = 0, and also rank(/*O p (n)) = for all n and all p £ X. We define 
F 1 K (P(£ )) to be the kernel of the rank function and think of it as the subgroup 
of Ko(P(£)) generated by those P(£)-modules whose "support" is of codimension 
> 1. 

The kernel of rank : Ko(X) — > Z is F 1 Ko(X), the subgroup generated by the 
Ox-modules having support of codimension > 1, and this subgroup is isomorphic 



(3) By Lemma 6.7, 

(H,ro p ) 
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to the Picard group Pic X. We have F 1 K (¥(£)) = F 1 K (X)®F 1 K (X).H®ZH. 
Using the results already obtained, one sees that F 1 Kq(X) .H is contained in both 
the left and right radicals of the Euler form restricted to F 1 K (P{£)), so the Euler 
form induces a Z- valued bilinear form on the quotient F 1 K (P(£ ))/F 1 K (X).H. 
There are good reasons to think of this quotient as playing the role of the Picard 
group for ¥(£), and if one does this one has PicP(£) /* PicX © Z.H just as in 
the commutative case (cf. [3, Ch. V, Prop. 2. 3]); here f*PicX denotes the image 
of F 1 K Q {X) under the map /* : K (X) -> K (P(£)). 

Modding out all the radical for the Euler form on F 1 K n (P(£)) produces an 
analogue of the Neron-Severi group, and this is a free abelian group of rank two 
with basis [f*O p ] and H, and the pairing on this is given by Theorem 6.8. Again, 
one has a good analogue of the commutative theory. 
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